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The oft-used log-normal distribution for solving many population-balance problems is
in fact a degenerate case of a Hermite function expansion of the solution in log
particle-size coordinate. Corrective capabilities of such an expansion constitute vast im-
provements not only over those using the log-normal distribution, but also over dis-
cretization methods in that moments other than those designed for in the latter are
predicted with much higher accuracy, although at greater computational cost. The Her-
mite spectral method is compared with known analytical results and other computa-
tional techniques for particle dynamic processes involving agglomeration, breakage, and
growth. This method is extremely accurate and flexible, as evidenced by the wide range
of problems it can solve, both transient and steady state, along with perfectly mixed or
convection dominant problems. Particle distributions are allowed to evolve according to
the physics of the process, not constrained by restrictive assumptions inherent in the

prespecified form of the distribution.

Introduction

Dispersed particles are encountered in a wide variety of
systems. Spray drying, atmospheric pollution and air-quality
studies, deposition of drugs or toxins in the human respira-
tory tract, the grinding of grains of corn or wheat, and cell
cultures in bioreactors are a few examples where a popula-
tion balance is applicable. The particle phase varies not only
over external coordinates, the familiar space and time, but
also over internal coordinates, which allows one to describe
particles by any other useful parameter. One of the more
common and thoroughly studied internal coordinates is parti-
cle volume, the internal coordinate this work will exclusively
consider.

A number density function is assumed to exist that de-
scribes the average number of particles at each point in ex-
ternal and internal space. Changes in the number density
function, that is, the particle volume distribution, are ac-
counted for by the population-balance equation. Details of
the derivation of the population-balance equation can be
found in Ramkrishna (2000).

Simulation of evolving volume distributions can be accom-
plished by means of many different tools, generally broken
into two main categories: discrete and continuous representa-
tions of the particle-size distribution. Using discrete vari-
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ables, the number of particles in bins varies in time, with the
possibility of the bins themselves changing. These techniques
can be computationally very efficient, but care must be taken
so that the most important quantities are accurately pre-
dicted. Oftentimes, rapidly changing systems require minute
bins, and similarly small discretizations of time in order to
achieve accurate results. The two equation models of Kumar
and Ramkrishna (1996a,b) allow for only two quantities to be
conserved, for example, mass and numbers. Any other quan-
tities, such as the second moment, will suffer inaccuracies.

If a continuous function is used to describe the distribu-
tion, the necessary information can be derived. Numbers,
mass, the second moment, or any other quantity can all be
calculated given an accurate functional representation—and
then the moments’ data can be used to derive any pertinent
information. Optical properties of the particles, for instance,
can be written in terms of the moments of the particle size
distribution (Wright, 2000).

When the details of the process are known, an assumption
can be made about the form of the volume distribution func-
tion. Log-normal distributions have been an oft-popular
choice. This distribution is said to “frequently arise in natu-
rally occurring processes” and with distributions of fine parti-
cles (Fan and Zhu, 1998). Based upon an implementation of
the central limit theorem of statistics, log-normal distribu-
tions arise from the product of two or more normal distribu-
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tions (Devore, 1995), and have been used to describe agglom-
eration events for this reason (for example, see Montroll and
Shlesinger, 1984). In addition to the theoretical, some mea-
sured particle distributions can be fit adequately by log-nor-
mal distributions. As a few examples, Rosen and Greegor
(1974) matched the log-normal function to jet-soot emissions;
the particles from an oil-fueled burner were found to be dis-
tributed log-normally by Markowski and coworkers (1984);
Park and Lee (2000) describe the deposition of radioactive
aerosols within liquid—metal fast breeder reactors via log-
normal particle-size distributions; and Dunbar and Hickey
(2000) fit data from various inhaled pharmaceutical particles
to log-normal, modified gamma, and other functions.

For a similar reason, the (modified) gamma distribution is
regularly used to approximate breakage processes. First, a
gamma distribution results from a limit in a similarity solu-
tion for pure binary fragmentation processes (Peterson, 1986).
Physically, the brittle fracturing of a particle can be viewed as
a fractal process. Based upon the fractal assumption, the
Weibull distribution results as a solution to the pure break-
age problem (Brown and Wohletz, 1995). Gamma, exponen-
tial, Rosin-Rammler, and Weibull distributions are all mem-
bers of a similar family, where by a change of constants, one
distribution can often be written in terms of the others in this
family. Of this family, gamma distributions have typically
yielded the best fits to experimental data, such as raindrop
distributions in clouds (Miles et al., 2000; Testud et al., 2001).

This work presents a method by which a continuous num-
ber-density function can be achieved without restricting it to
one of the traditional functional forms, such as the log-nor-
mal or gamma distribution. An orthogonal series, also known
as a Hermite spectral approximation, is used to construct the
number density in this work, and the coefficient of each term
in the series evolves according to the processes the particles
undergo. Hermite polynomials specifically form a spectral se-
ries based upon the log-normal distribution, so that a one-
term spectral approximation is identical to the log-normal ap-
proximation to a number-density function. The supplemen-
tary terms of the Hermite series are then higher-order cor-
rections to the log-normal approximation.

Population Balance Equations and Their Methods
of Solution

The average number of particles in the infinitesimal vol-
ume dV,dV, (in particle state space dV, of internal coordi-
nates and dV, of external coordinates) is f,(x,r,t)dV, dV,,
where f, is the average number density function (with the
explicit dependence on internal coordinates, external coordi-
nates, and time dropped in this and all future nomenclature).
Population-balance equations describe the evolution of this
number density function. For a distribution where particle
volume, v, is the only internal variable, the population bal-
ance equation is (Ramkrishna, 2000)

d

Jd . .
= VAV RAfF =V DFVAF =%, (1)

av*

fit+

The terms on the lefthand side of Eq. 1 are the local rate of
change, growth, convection, and diffusion terms, respectively
(V is the growth rate, R is the particle velocity, and D is the
particle diffusion coefficient). Growth, convection, and diffu-
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sion represent continuous changes in the number density
function, and cannot change the total number of particles
alone. On the righthand side, the function A(uv,r,t) represents
all the discontinuous changes, also known as birth and death
functions, such as agglomeration, breakage, and nucleation
events, which can change the total number of particles in the
system.

The asterisk superscript in Eq. 1 represents a dimensional
quantity. If an average particle size, v, is calculated, Eq. 1 can
be nondimensionalized. While the particular choice of mean
particle volume depends upon the application, some of the
more popular choices include the arithmetic mean, the geo-
metric mean, and the harmonic mean (see Fan and Zhu,
1998). Defining the kth moment of the particle volume distri-
bution

wi= [ (o), @)

the arithmetic mean can be described by 7,, = u,/u,. Nondi-
mensional variables can be defined as

v=0*/D
T=x(0)*
fi=0f%
V=v"/ox(d)
V, = LV*
R=R*/x(D)L

D = D*/Lx(7)
h=h*p%/x(D), 3

where L is an appropriate large-scale length (such as the ra-
dius of a pipe), and the time is nondimensionalized by the
appropriate function in the birth and death terms. For exam-
ple, the breakage rate is used in pure breakage equations:
7 = b(D)t*, which defines the function x(o) in Eq. 3b. In this
way the righthand side birth and death functions are also
nondimensionalized. The definition for each dimensionless
time will be given for each problem studied below.

Equation 2 can now be written as before, but recognized as
nondimensional:

1% J . .
Efl+5W1+Vr'Rfl_Vr'DVrfl=h' (4)

It is this form of the equation that will be studied from here
on, and for which all results will be displayed.

Two main choices exist for solution of population balance
equations: continuous variables or discrete variables. Using
continuous variables allows an exact functional form for the
number density to be calculated. In particular, given a con-
tinuous number density, any derived quantity can be calcu-
lated directly and without any additional error than inherent
with the number density. If the total amount, ®, of a particu-
lar extensive property ¢ associated with the particles in the
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domain is needed, it is given by
()= [ [ ¢(xr)fi(xrt)dV,dv;. ()
Q,70,

Moment methods are the most common technique for ob-
taining continuous distributions. Differential equations for
the moments, as defined by Eq. 2, are generated by multiply-
ing the population-balance equation (Eq. 4) by v* and inte-
grating over all v. If the equation for the kth moment can be
entirely in terms of moments of degree k or less, the set of
moments equations are said to be closed. Closed sets of
equations for the moments are the exception rather than the
rule, as most agglomeration and breakage kernels generate
complicated moment equations.

In addition to the requirement that the moment equations
be closed, the moments must be sufficient to describe the
particle-size distribution. That is, information about the mo-
ments should be sufficient in order to recreate the volume
distribution; knowledge of a (finite) number of moments is
equivalent to knowledge of the adjustable parameters of an
assumed distribution function. In the general case, Shohat
and Tamarkin (1943) showed that an infinite number of mo-
ments are necessary to completely distinguish a unique distri-
bution. Whitby and McMurry (1997) demonstrate how three
moments are sufficient for the log-normal distribution:
knowledge of any three integer moments is equivalent to
knowledge of the total number of particles, N, the geomet-
ric mean, v,, and the standard deviation o in this case

o= N, 1(Inv/v, 2 p 6
fin(v) U_Ua'\/ﬁexp ) pu v (6)

The same can be said for each of the other aforementioned
distributions: the modified gamma, Rosin-Rammler, and
Weibull distributions.

However, it should be noted that the moments themselves
give no information about the type of distribution that is ap-
plicable. That is, the exact same three moments can be used
equivalently in both the log-normal and modified gamma dis-
tributions to generate two distinct particle number density
functions. McGraw et al. (1998) contrived an example that
emphasizes some of the weaknesses of moment methods.
They showed that by multiplying the log-normal distribution
by an arbitrary odd function, the resulting function has iden-
tical zeroth, first, and second moments as the original log-
normal function

2 In( v/v,
g(u)=hﬂv)[l+sin(%”~ (M)

Both g(v) and f; y(v) have equal lower-order moments, yet
are very different functions, as shown in Figure 1. A modified
gamma distribution with the same low-order moments is also
plotted in Figure 1 in order to emphasize the argument that
three moments do not guarantee a unique function, and the
choice of a standard distribution can be a very restrictive as-
sumption.

In the other main computational method, a discrete distri-
bution representation divides the particle volume variable into
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Figure 1. Each of the distributions in the figure have the
exact same first three integer moments, u, =
1,000, u,=1,278, and u, = 2,664; however,
the solid line is a log-normal function, the dot-
ted line is the modified log-normal of Eq. 7,
and the dashed line is a modified gamma dis-
tribution.

intervals. Discrete variables are more common, simply be-
cause the data are easier to obtain. Sieve analysis yields dis-
crete data; a particle trapped in a tray is contained in a vol-
ume interval. However, it is infeasible to know the distribu-
tion inside that interval. Computationally, discrete solutions
can be more economic and simple to program. On the other
hand, errors from discretizing the domain can lead to incor-
rect derived properties of the particle. The integral in Eq. 5
becomes a sum over the bins, also leading to greater errors.

Hidy (1965) used a uniform grid, whereas Bleck (1970) was
among the first proponents of the geometric grid for pure
agglomeration simulations; however, consistency problems
with either mass conservation or total numbers became evi-
dent, especially for long times. Kumar and Ramkrishna
(1996a,b) introduced a discrete technique by which any two
moments can be preserved, for example, the zeroth moment
corresponding to total number of particles, and the first mo-
ment corresponding to total mass, on an arbitrary grid. Par-
ticularly advantageous, the arbitrary grid allows for selective
refinement to improve the accuracy when rapid changes oc-
cur. These and many more discrete simulation techniques are
discussed in the review articles by Kostoglou and Karabelas
(1994) and Vanni (2000).

Hermite Spectral Method

Consider a change of variables, based upon the log-normal
distribution defined in Eq. 6

Inv/v,

y or equivalently v=yv,exp(ay) (8)

o2

The log-normal distribution (Eq. 6) can then be written as

fin(v)dv= aoe_(l/z)yzd)’a ©)
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where a, = N,/V27. Equation 9 implies the set of Hermite
polynomials would be a natural basis set for the solution of
population-balance equations via spectral methods. Hermite
polynomials are appropriate because they are orthogonal on
the interval (—oo,+ ) with respect to weight function
w(y)=e™” °. Several properties of the Hermite polynomials
are presented in the Appendix. Natural boundary conditions
are also compatible, as the Hermite functions decay to zero
at both y =+ and y = — o, which correspond to actual par-
ticle volumes of v = 4+ and v = 0, at which values the num-
ber density function must also be zero.

To use spectral methods, the number density function must
also be converted from actual volume, v, to transformed vol-
ume, y. Let the number density function of transformed vol-
ume be n(y,r,7). Preserving the number of particles in the
distributions from real volume to transformed volume, set

dy
n(y)dy=fi(vydv or  fi(v)=n(y)_-. (10)

The Jacobian of the transformation, dy/dv, appears, and must
be inserted into the population-balance (Eq. 4) with the
transformed volume number density

dy ( an  aYn

dv\ o1 dy dv

. dy dy
+V-(Rn—) —V-(DVn—) =h, (11)
dv
with the velocity/growth term

. J .
at ), v ),

Propose an M-term Hermite function expansion, to be
plugged into the population-balance equation (Eq. 11)

(12)

M
n(y.rm)=ny(yrm)= Y a,(rr)e” Yy (y), (13)
0

m=

where the basis functions, i, (y), are modified (semi-normal-
ized) Hermite functions

H,(y)

V2mm!

and H,(y) is the mth Hermite polynomial, defined by
(Rodrigues’ definition) (Sansone, 1991)

Un(¥) = (14

m

2 d 2
Hy ()= (1) e (15)

where H(y)=1. Equation 9 can now be written as

fin(v)dv= aoe_(lﬂ)yzdy = ao‘l’o(Y)e(_l/z)yzd)’- (16)

Clearly, the log-normal distribution is a special case of the
proposed Hermite series expansion. Viewed from the oppo-
site perspective, the log-normal distribution is the first term
(m=0) in the series; the additional M terms will be em-
ployed as corrections to the log-normal approximation,
thereby increasing the overall accuracy.

The task at hand is to be able to calculate the spectral
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coefficients {«,,} as they change in time in order to approxi-
mate the number density function as the particles experience
any dynamic process. Several techniques exist in order to solve
for the spectral coefficients; however, they all typically fall
into the category of residual methods.

For the population-balance equation (Eq. 11), Ln —h =0,
where L is the operator accounting for the lefthand side of
the equation, the M-term Hermite approximation is inserted.
The result is the residual equation

R(y;ag,ay,...,ap)=Lny —h (17)
The residual is unerringly zero for the exact solution. Choos-
ing the set {a,,} that minimizes the residual (Eq. 17) is the
task of the form (Eq. 13) of the postulated solution. The
method chosen is best known as the pseudospectral method,
which is also known as collocation. For this method, the
residual is set exactly to zero for a set of carefully chosen
points, the collocation points, typically chosen as the zeroes
of the M + 1% Hermite polynomial. It is hoped that by set-
ting the residual to zero at several points, the residual will be
close to zero almost everywhere (see Boyd, 2001). Specifi-
cally, the population-balance equation (Eq. 11) is multiplied
by the Dirac delta function, §(y —y;), j = 0,1, ..., M, then
integrated over all values of y. By the property of the delta
function, this simply evaluates the equation at the collocation
point, y;, and the residual equation (Eq. 17) becomes

j=01,....M. (18)
In order to estimate truncation error, all of the presented
calculations were run for many different values of M. When
the computed solutions did not vary with M, the simulation
was considered converged (Boyd, 2001).

R(yj;ao,al,...,aM) =0;

Computational Method and Results
Agglomeration

Several population-balance equations will now be solved
using the Hermite spectral method and compared with avail-
able analytical and other computational results. First, ag-
glomeration events describe the combination of multiple par-
ticles into a lesser number of particles. While in highly dense
systems, several particles could simultaneously aggregate to-
gether, this work is focused solely upon binary events, repre-
sentative of dilute systems. Agglomeration events can be used
to describe several phenomena, including combustion (Brown,
1996), rain formation (Miles et al., 2000), formation of stars
(Jorgensen et al., 1995), and polymer chain-length additions
(McCoy and Madras, 2001). In binary agglomeration, the
righthand side of the population-balance equation (Eq. 4) be-
comes (Ramkrishna, 2000)

1 v o e
h=3 [ a(v=00)fi(v=0)f,(5)d5

1) [ awD) (D) b (19)

The first term is the rate at which particles of volumes o and
v — D combine to form a particle of volume v, and the second
term is the rate at which the particle of volume v agglomer-
ates with other particles to form larger particles. The agglom-
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Table 1. Functions Used in the Collocated Equation

Function
T'm = e_Yj/Zl/,m(y_)
A;m = e’yzfzﬂt(/m(yl-)
Bj,, = eiyj/zzdlm(yjs)}j
ij = e_yj/zllfm(yj)
Breakage
P, = ae”i [ b(Hv(HP(y| e T, (5) dy
Vi
Qj = b(ye 7y, (y,)
Agglomeration
L 5).5)e 072 Ne 72 (5) df
Dym= 5 [ a0 (0 () d
E,, = Py, [ ag(yp e P, () dy
Growth
. m
V(y]) ? '!/mfl(yj)_ O'L[/m(y])
W. = — eUiDay;

jm = m1 v (y;)
- T‘l’mﬂ()’j) +¢’m()’j) dy

ln(e\/Z_oyj _ e‘/z_a;-)

V2o

6,(5)=

eration frequency, also known as the agglomeration kernel,
a, has the dimensions of spatial volume per unit time, and is
necessarily reciprocal: a(u,v) = a(v,u).

Considering simply the time-variant population-balance
equation, describing the evolution of particles in a batch-ves-
sel, for instance, the population balance written in terms of y
variables becomes (after setting convection, diffusion and
growth terms to zero)

dy((?n aYn
—_— _+_

Ll a0 Ln(sy
wl oty | T2 L@@ ()@

dy .
—n o[ e (20

Two notes about Eq. 20, 60 is the transformed volume of the
difference term defined by

U—E=Ug(e‘”—e”~)=uge”9. 21

In this way, the number density of actual volume v —D=¢€
can be transformed into y variables

do
fi(o =)= fi(e) =n(6) - (22)

The lefthand side of Eq. 20 can be evaluated using the chain
rule (the second term is zero, as the particle growth rate is
assumed to be zero for this pure agglomeration equation)

(%)) () (55

Z_L(%)_i(i{’). (23)

Vg0 aT o\ Jr

Using the definitions of Eqgs. 21-23, then inserting the Her-
mite approximation of Eq. 13, and finally using the pseu-
dospectral method to generate a residual equation of the form
in Eq. 18, the equation for the spectral coefficients becomes,
named the collocated equation

Table 2. Functions Used in the Moments Equation

Function
K, (k) = of [ emhe () dy
F(k) = Olmu.gllc—lj'oc eayke*y2/l ll’m(y) dy
% 1
G(k)= amygkf_mevyke‘yz/zwm(y)(y + ;) dy
Breakage
Uk) = vfa, [ e D [T b PyIeTy,(5) d dy
- U.é‘%ﬁ e b(y)e™ 2y, (y) dy
Agglomeration
1 © Lo - -
L(k)= Euzfam a‘”f_mf_ 00ao(e,)’))(e\/z—m‘) + V2 oiyke—02 lpm(e)e‘yl?f(y') dydo
— ke a, [ ePRe () [* ay(y e g (5) di dy
Growth

o . > +1
2= ~af[ e vpe ﬂ[\/ T )=y 5 wmﬂ<y>] @

k—1
+ «

m

[oa —o

av(y)

fw ek ———y (y) dy
ay
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Figure 2. Comparison with constant agglomeration ana-
lytical results.

Evolution of the exponential distribution given by Eq. 32,
with Ny= 250 and z = 2 as it undergoes constant agglomer-
ation with C = 1.0. The arrow indicates increasing time, with
curves depicted at = = 0.0, 0.18, 0.3, and 2.66, respectively.
Open circles represent analytical results, and the solid curve
signifies Hermite spectral method results.

da,, 1 du, 1 do
Tin g+ Ameny e * [ Bim = Ciml o' 5

= a,[ Dpj = Epjn] @ (24)
where the definitions of Table 1 have been introduced for
brevity. Also observe that the repeated indices, m and p, in-
dicate an implied sum from 0 to M. Equation 24 corresponds
to M + 1 unique equations, one for each collocation point,
j=0,1, ... ,M, enumerated from 0 (least) to M (greatest).
Also accounted for are changes in the adjustable parameters
v, and o, which change the definition of y (Eq. 19).

Moment equations are used to close the last two equations
for v, and o. When written in y variables, the equation for
the rate of change of any moment, k, is

Oy d U, do
— =F(k)— +G(k)— + L(k), (25)
aT ar arT

with the definitions of Table 2 applied. The righthand side,
in general, is indeterminable, and the chain rule may be used
to close the set of equations.

Oy Jy;

al‘Lk ‘?/J’k ﬁug
da; IT

oy, do
gt Ju, or

do JT
10022 4 1002 4+ k(2% (26
= I(k)—+ — + K, (k)—.

)25 1) 24 K (k) 2 (26)
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Figure 3. Evolution of the log-normal distribution as it
undergoes constant agglomeration with C =
1.0.

Curves are depicted at 7= 0.0, 12.9, 19.9, and 24.9, respec-
tively. The thick curve is the initial condition, a log-normal
distribution (Eq. 6) with Ny = 5,000 and Vg=0 = 1.0; solid
curves depict Hermite spectral and Laplace transform
method results; and the dotted curves depict log-normal mo-
ments method results.

Combining Egs. 25 and 26, and named the moments equa-
tion

(1)~ F() 54 (1)~ G (k)
+ Ki(k)% —L(k). (27)

Any value of k other than 0 can be chosen, though 1 and 2
are the most common. In particular, choosing k =1 makes
Eq. 27 a conservation of mass. Equation 24 with Eq. 27 em-
bodies the complete set of equations to be solved. While non-
linear in the spectral coefficients, the system is linear in the
time derivatives of the dependent variables. A vector of time
derivatives can be constructed

Iv, do day da;  day "
= ... , (28)
ar Jdt It It or
as the solution to the matrix equation
Rk =f, (29)
2333



with the matrix R defined as

[1(1)—- F(1) J(H)—-G(1)
12)-F2) J2)-G(2)
AOm a, [B()m - COm]am
UgO' g
R= Almam [Blm_clm]am
UgO' o
AMmam [BMm_CMm]am
UgO' o

and the forcing function vector

f= [L(l) L(Z) ap[DPOm _EpOm] Ay ap[Dplm _Eplm] a,

"ap[D

pMm EpMm] am] ! (31)

A fourth-order Runge-Kutta method is used to propagate the
numerical solutions through discretized time.

Several agglomeration problems have analytical solutions
available. Through the method of Laplace transforms, the
number distribution of particles experiencing constant ag-
glomeration can be solved for at any time (Ramkrishna, 2000).
Analytic solutions for the sum and product agglomeration
kernels, on the other hand, are only available for certain ini-
tial conditions. Scott (1968) also employed the method of
Laplace transforms, but was limited to exponential initial
conditions to achieve exact solutions. Specifically, Scott’s ini-
tial distributions were of the form

£00) =N 2 e 32)

where N, and z are adjustable parameters. Note that the
initial total number of particles is equal to Njz.

The constant agglomeration kernel, a(v,0) = C, describes a
system where every particle truly has an equal chance to ag-
glomerate with any other. It is also able to mimic the Brown-
ian diffusion kernel (Smoluchowski, 1917) for very short times
for monodisperse initial conditions; however, its use is typi-
cally implemented because of the availability of analytical so-
lutions. The agglomeration kernel itself defines the appropri-
ate dimensionless time, 7(¢*) = Cpy(0)*. A comparison with
the analytical solution of Scott (1968) and the Hermite spec-
tral numerical solution is presented in Figure 2. Numerically,
the results are excellent, with less than 1% relative error over
the entire curve at the last time presented. Relative error is
defined as

\/Lw(fl,analytic(u97) - leermite(U>T))2 dv

mo(T)

%rel.err. =

(33)
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Ko(1)  Ky(D) Ky (1)
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30
Ty Ty Ty (30)
Ty Ty Tym

As expected, for the relatively simple case of constant ag-
glomeration, the Hermite spectral method performs well. Be-
cause an exact solution can be achieved for any initial distri-
bution experiencing constant agglomeration, a comparison of
the Hermite spectral method and the log-normal method can
now be made. Figure 3 is a graphical representation of how
an initially log-normal distribution evolves while constant ag-
glomeration occurs. In even this simplest of cases, it is plain
to see the inadequacies of the log-normal method. Following
the log-normal moments method, the distribution geometric
mean increases rapidly, while the standard deviation de-
creases, resulting in a skinnier distribution moving to the right.
On the other hand, the validated Hermite spectral method
predicts an ever flatter curve. The log-normal method is able
to predict the agglomeration front to a reasonable extent,
though the largest particle in the system is erroneous. Where
the log-normal curves are the weakest are the lefthand side
of the graph—the numbers of small mass particles. In addi-
tion, the higher-order moments, as predicted by the log-nor-
mal methods, are increasingly inaccurate. Numbers and mass
are equal (zeroth and first moments, respectively), but the
log-normal second moment is overpredicted by 23% by the
last curve. Even worse, the third moment is overpredicted by
76% at the same time.

As was stated earlier, the Hermite series approximation
truncated at one term is equivalent to the log-normal distri-
butions. Taken from another point of view, the log-normal
distribution is the first-order approximation to the Hermite
spectral series. By dimensionless time 24.9, the last curve de-
picted in Figure 3, the higher-order terms in the series be-
come important. In fact, the first 25 coefficients of the spec-
tral series are nontrivial in describing the fourth curve. The
more Hermite spectral terms needed to describe a distribu-
tion, the greater that distribution’s deviation from log-nor-
mality.

Sum agglomeration, a(v,0) =C(v+ D), can be used as a
short-term estimation of shear kernels, often employed in
laminar flow situations. Figure 4 displays the comparison be-
tween Scott’s (1968) analytical results and the Hermite spec-
tral approximation for sum agglomeration. The dimensionless
time for product agglomeration is 7(¢#*) = Cu,(0)t*. Accuracy
is again excellent with the analytical results—Iless than 2%
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Figure 4. Comparison with sum agglomeration analyti-

cal results.

Evolution of the exponential distribution given by Eq. 32,
with Ny= 250 and z = 2 as it undergoes sum agglomeration
with C =1.0. The arrow indicates increasing time, with
curves depicted at 7 = 0.0, 0.12, 1.15, and 2.0, respectively.
Open circles represent analytical results, and the solid curve
signifies Hermite spectral method results. The bottom panel
is a close-up to show improved accuracy. The axes have been
changed to log-log in order to better demonstrate the er-
rors. In addition, the open boxes show results from a Ku-
mar-Ramkrishna discrete method using a geometric grid.
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relative error. The improvement in accuracy can be most eas-
ily seen in the bottom frame of Figure 4, where the Kumar-
Ramkrishna discrete method was also implemented. As re-
ported, when the discrete grid is sparse, an overprediction of
the agglomeration front is common (Kumar and Ramkrishna,
1996a). But, the Hermite spectral method captures this front
well, at the cost of greater computer time, of course.

The error associated with the Kumar-Ramkrishna discrete
method does not appear great until the derived properties of
the distributions are examined. Figure 5 displays the predic-
tion of the second moment of the distribution by both the
Kumar-Ramkrishna discrete method and the Hermite spec-
tral method. Not surprisingly, the Hermite spectral method
has dramatically less error, at the expense of greater compu-
tational cost. By the dimensionless time of 2, the Kumar-
Ramkrishna discrete method overpredicts the second mo-
ment by 75%, whereas the Hermite spectral method shows
less than 2% relative error. To be fair, this Kumar-Ram-
krishna simulation is only designed to conserve two moments,
particle numbers and mass (zeroth and first moments), and
makes no guarantee about the second or higher moments. By
only accurately predicting two moments, a unique distribu-
tion is not guaranteed, as in Figure 1. A main feature of the
Hermite spectral method, its ability to interpolate the solu-
tion between points with a high-order polynomial, is the pri-
mary reason for the greater accuracy of the particle number
distribution and all its derived properties.

Product agglomeration, a(v,0) = Cu, is a gelling kernel that
also allows for some analytical results. The appropriate defi-
nition of the dimensionless time is 7(t*) = Cu3(0)t*/u(0).
At a dimensionless time of 2, the gelling transition occurs, a
mathematical discontinuity where the second moment goes
to infinity. Figure 6 displays the comparison between the ana-
lytical results and the Hermite spectral numerical results. Ex-
cellent agreement is again achieved, with less than a 2% rela-
tive error for all results.

Once again the overpredictions by the Kumar-Ramkrishna
discrete method do not appear striking until the derived
properties of the number density are examined. The second
moment as the distribution experiences product agglomera-
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Figure 5. Predictions of the second moment for sum
agglomeration by the Kumar-Ramkrishna
method (open boxes) and the Hermite spec-
tral method (solid line) as compared with the
analytic results (open circles).
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Figure 6. Comparison with product agglomeration ana-
lytical results.

Evolution of the exponential distribution given by Eq. 32,
with Ny=125 and z = 4 as it undergoes product agglomera-
tion with C =1.0. The arrow indicates increasing time, with
curves depicted at 7 = 0.0, 0.20, 0.80, respectively. Open cir-
cles represent analytical results, and the solid curve signifies
Hermite spectral method results. The bottom panel is a
close-up to show improved accuracy. The axes have been
changed to log-log in order to better demonstrate the er-
rors. The arrow again indicates increasing time, with the
solid curves being the Hermite approximation, the open cir-
cles the analytical result, and the open boxes the Kumar-
Ramkrishna discrete method using a geometric grid.

tion is plotted in Figure 7. As with the previous results, the
Kumar-Ramkrishna method overpredicts the second moment
by nearly 80% by the dimensionless time of 0.5, while the
Hermite spectral method displays less than a 2% error. While
the accuracy is better for the interpolative Hermite spectral
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Figure 7. Second moment for product agglomeration.

Predictions of the second moment in product agglomeration
by the Kumar-Ramkrishna method (open boxes) and the
Hermite spectral method (solid line) as compared with the
analytic results (open circles).

method, this accuracy is once more at the expense of greater
computational cost.

Growth

Normally, particles do not experience agglomeration solely;
growth occurs frequently in combination with agglomeration.
Distinctions between condensation and agglomeration typi-
cally depend upon the accuracy of the measuring device
and/or the application. For example, the addition of one
molecule to a “particle” could either be growth or agglomera-
tion. One molecule of water added to a rain droplet is typi-
cally seen as an infinitesimal change, that is, growth, whereas
the addition of one monomer to a polymer chain can be mod-
eled as agglomeration.

As it is infinitesimal, growth is a convective process on the
internal variables. In Eq. 4, the growth rate is given the sym-
bol V. Models for the growth function vary by process; how-
ever, most can be represented by the form V(v) = Gv?, where
G is constant, positive for condensive, and negative for evap-
orative processes. When the flux to or from the particle is
diffusion limited, y =1/3. Whereas, the exponent can be
larger for reaction-limited fluxes, y =1 or y = 2/3 for volume
or surface reactions, respectively. Gelbard and Seinfeld (1979)
contain more details. In general, 0 <y < 1.

Pure growth problems, 4 = R=D=0, can be solved via
the method of characteristics. In order to validate the Her-
mite spectral method for growth processes, the same proce-
dure for the agglomeration problem can be carried out, with
the exception that both terms in Eq. 12 must be accounted
for. The resulting equations can be written as before in ma-
trix form (Eq. 28) with simply a change in the forcing-func-
tion vector (again using the definitions of Tables 1 and 2 for
brevity)

WOm @,y Wlm a, WMm @, !
f=1Z21)zQ2) - (34
UgO' Uga' l)gU'
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Figure 8. Distributions from linear growth with constant
agglomeration.

Evolution of exponential distribution given by Eq. 32, with
Ny=125 and z =4 as it undergoes linear growth and con-
stant agglomeration. The solid line represents the initial
condition, whereas the broken lines represent different val-
ues of the growth to agglomeration ratio at the dimension-
less time 7 = 3.0. Specifically, the dashed, the dash-dotted,
and the dotted curve correspond to ® = 0.2, 1.0, 2.0, respec-
tively. The open circles represent analytical results, and the
continuous curves signify Hermite spectral method results.

Pure growth problems for both constant and linear growth
pose no considerable problems, requiring relatively few spec-
tral basis functions. Relative errors less than 0.1% can often
be achieved with M <10 (Hamilton, 2002).

One of the advantages of the Hermite spectral method can
be demonstrated by solving the population balance with both
growth and agglomeration occurring. No extra changes need
to be made to the method as outlined earlier; simply, both
processes need to be accounted for by summing the respec-
tive forcing functions. That is, the righthand side of the collo-
cated equation for simultaneous growth and agglomeration
contains the D, E, and W terms from Table 1. The righthand
side of the moments equation for simultaneous growth and
agglomeration contain the L and Z terms of Table 2. This is
in opposition to many discrete simulations where growth
doubles the number of equations that need to be solved. Not
only do the number of particles in each bin change, but the
pivot points of each bin evolve with time (Kumar and Ram-
krishna, 1996b).

Ramabhadran et al. (1976) extend the work of Scott (1968)
to account for linear growth occurring concurrently with vari-
ous agglomeration kernels. The ratio between the growth rate
and agglomeration rate, ®, becomes important in determin-
ing which dynamic process is dominant. Figure 8 compares
the analytic results of Ramabhadran et al. with the Hermite
spectral method for linear growth, V(v) = Gv, combined with
constant agglomeration, a(v,5) = C. For this case, the dimen-
sionless ratio is defined as © = G/Cu(0). Errors for the sim-
ulation are comparable to the errors in the pure agglomera-
tion cases, less than 2% for all growth to agglomeration ra-
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tios. For small growth rates, the constant agglomeration ef-
fect of flattening the number density curve can be seen. On
the other hand, for small agglomeration rates, the shape-pre-
servation and slight dilation typical of linear growth is preva-
lent.

Breakage

Breakage can be seen as the reverse process of agglomera-
tion. As a single particle breaks, multiple smaller particles
are formed. Unlike the agglomeration problem, the usual
birth and death functions are typically linear in particle num-
ber density. However, similar to the agglomeration problem,
this assumption is restricted to less dense systems. In a grind-
ing process, for example, the breakage primarily occurs as
the particles contact, and a nonlinear birth and death func-
tional must be used. Also in contrast to the agglomeration
problem, greater than binary breakage can be accommodated
by the linear breakage functions.

While clearly applicable to particle processes such as com-
munition, the breakage problem is also pertinent in many
other situations. Examples include biological systems, specifi-
cally, cell division (Mantzaris et al., 2001); astronomy, the size
distribution of asteroids after collisions (Piotrowsky, 1953);
the car parking problem (Krapivsky, 1992); and food sciences
ranging from the grinding of corn and wheat while forming
flour (Campbell and Webb, 2001) to the size distribution of
chewed food during mastication (Baragar et al., 1996).

The righthand side of population-balance equations de-
scribing breakage is written as (Ramkrishna, 2000)

= [ (3w (B)P(uID)S () do = b(0)f(0).  (35)

where b(v) is the rate of breakage of particles, v; v(v) is the
average number of daughter particles formed per breakage
event; and P(v[d) is the distribution of daughter particles
when a particle O breaks. Valid daughter particle distribu-
tions must conserve mass and be normalized. Ramkrishna
(2000) discusses these conditions in greater detail.

Following the same procedure outlined for the agglomera-
tion and growth problems given earlier, the forcing function
for the Hermite spectral method of pure breakage is given by

f= [U(l) e [Py, — Q()m]am [P, = Oin]a,
[ Pat = Quml @]’ (36)

Once again, the definitions of Tables 1 and 2 have been used
for conciseness.

The Hermite spectral method may be used to solve both
steady-state limited-breakage and transient-breakage prob-
lems. Limited-breakage problems are the solution of the pop-
ulation-balance equation:

afi(v) _

aT max(v,0,,

L@ (D)P(VID)f(9)db
—b()fHi()U(v=u,), (B7)
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Figure 9. Steady-state distributions from limited break-
age.
The static steady states achieved from an initially log-nor-
mal distribution, Vg = 4.0, 0 = 0.5, and N, = 10,000, plotted
as the dashed lines. In the top panel, the daughter particle
distribution was given by the power-law breakage kernel with
n = —1.0, and the maximum stable size v,, = 15.0. Open dia-
monds represent the analytical solution, and the solid line is
the Hermite spectral method. In the bottom panel, the
daughter particle distribution was given by the equal-size
breakage kernel with n =12.0, and the maximum stable size
v,, = 4.0. Again, open diamonds represent the analytical so-
lution, and the solid line is the Hermite spectral method.

where U(x) is the Heaviside step function. The max function
(the lower limit of the integral) and the Heaviside step func-
tion are used to ensure only particles with volume greater
than v,, undergo breakage. As an example, consider droplets
in a stirred tank being broken by the impeller blade. The
value of the maximum stable particle/droplet size, v,,, de-
pends upon physical properties and flow conditions (Arai et
al., 1977). In the case of pure breakage events, a steady-state
solution when all particles are smaller than v,, will eventually
be reached. Therefore breakage rate is unimportant, as all
particles larger than the maximum stable size will break, given
enough time. Kostoglou et al. (1997) describe several analyti-
cal results for static steady states from limited breakage prob-
lems.

The power kernel, v(5)P(v|D) =(n +2)v"/5"" 1, is a simpli-
fication of the more generic power law often used to fit
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Figure 10. Distributions from transient breakage.

The number distributions from an initially log-normal dis-
tribution, v, = 4.0, o = 0.5, and N;= 10,000 as it experi-
ences transient breakage. In the top graph, the daughter
particle distribution is given by the equal-size breakage
kernel with n =2.0. The plots are represented at dimen-
sionless time 7 = 0.0, 0.4, 0.8, 1.2, 1.6, 2.0, and the arrow
indicates increasing time. Breakage rate is given by b(v) =
200.0. Open boxes represent the Kumar-Ramkrishna dis-
crete solution data and the solid line is the Hermite spec-
tral method. On the bottom graph, the daughter particle
distribution is given by the uniform breakage kernel. The
plots are represented at dimensionless time 7 = 0.0, 0.009,
0.018, 0.027, 0.036, and the arrow indicates increasing time.
Breakage rate is given by b(v) = v. Again, open boxes rep-
resent the Kumar-Ramkrishna discrete solution data, and
the solid line is the Hermite spectral method.
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grinding data from quartz, limestone, and cement clinker
(Austin et al., 1976) to various wheats when producing flour
(Campbell et al., 2001). Figure 9 (top) shows results for a
steady-state distribution using the power-law daughter distri-
bution. The Hermite spectral method has reasonable success
at capturing the steady state. Problems arise at the end-
points, which are expected, given the pathology of the analyt-
ical solution. Sharp discontinuities, like the break at the max-
imum stable size, are very difficult, practically impossible, to
capture with a finite number of terms in a spectral series.
Apart from these difficulties, several details of the distribu-
tion are handled well. The turning point near v = 0.7 is pre-
dicted correctly, as well as conservation of mass.

When daughter particles are exactly one nth the size of
the parent particle after breakage, the equal-size kernel is
used v(9)P(v|5) = n8(v — §/n). The bottom panel of Figure 9
shows results for a steady-state distribution resulting from
equal-size breakage. Again, the pathology of the function is
ill-suited for the Hermite series approximation. Discontinu-
ities exist at both endpoints, v =0.33 and v=uv,, = 4.0. Yet,
the spectral method is able to describe the steady state with
less than 10% relative error.

Transient breakage problems may also be solved via the
Hermite spectral method. For these problems, breakage rate
is now an important function that can also affect the result-
ing distributions. Most studied breakage rates are written as
b(v) = Bv*. The breakage rate is also used to define the di-
mensionless time 7 = b(7,,)t*.

The method of Kumar and Ramkrishna (1996a) has been
validated for equal-size breakage when a sufficient number
of discrete bins were used. For comparison, the Hermite
spectral method and the Kumar-Ramkrishna method are both
used to solve equal-size transient breakage. Figure 10 (top)
shows that the agreement between the two computational
methods is excellent, less than 0.5% relative disagreement.

Where the equal-size kernel is the limit of a Gaussian
daughter-particle probability distribution with zero variance,
the uniform distribution v(5)P(v|0)=2/0 is the limit when
the variance goes to infinity. In this case, the probability to
create any size daughter particle is equal. Similar to the
equal-size kernel, the uniform kernel is more often used in
mathematical analysis than for process development. The
bottom panel of Figure 10 displays the comparison between
the Hermite spectral method and the Kumar-Ramkrishna
discrete method. There is an approximately 3% error in the
Hermite predictions of the small-volume plateau, attributable
again to the pathology of the function. The plateau extends
all the way to v =0, yet the Hermite method forces a decay
in the function to zero, as particle volume tends to zero.

The sum kernel, v(0)P(v|0) = ((m + 1)/D(v/0)" +(1 —
v/D)"], is a generic U-shaped kernel. It ranges from the uni-
form kernel at m =1 to increasingly “erosive”as m increases.
For larger m, the kernel tends to represent more erosive be-
havior—preference for widely varying daughter particles.
Multimode distributions from unimodal initial conditions are
typically very quickly formed from erosion kernels, and the
ability of the Hermite spectral method to capture these mul-
timode distributions is an important attribute.

It can be shown that upon using the sum kernel with pa-
rameter m, m modes should appear in sufficient time
(Kostoglou and Karabelas, 1997). “Cascade fractional break-
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Figure 11. Distributions from transient sum breakage.

The number distributions from an initially log-normal dis-
tribution, v, = 4.0, o = 0.5, and N, =10,000 as it experi-
ences sum %reakage. Plots are represented at dimension-
less time 7 = 0.0, 0.086, 0.170 and the arrow indicates in-
creasing time. Daughter particle distribution is given by the
sum breakage kernel, with parameter m = 9. Breakage rate
is given by b(v) = v.

age” is the name that this phenomenon has been given. Fig-
ure 11 contains results from a simulation that exhibits the
featured multimodal behavior. By 7 = 0.170, the nine break-
age modes, in addition to the initial distribution, can be dis-
tinctly resolved. A few are distinct by the intermediary time,
but not all. This figure is fundamental in exhibiting the
strengths of the Hermite spectral method, bearing the entire
continuous multimodal function and thereby all the derived
properties of the continuous number distribution. The distri-
butions of Figure 11 would be impossible to capture using
the unimodal log-normal or modified-gamma methods pre-
sented earlier. Note that as the kernel is homogenous, the
particle distribution’s self-similarity is preserved, as discussed
in Hamilton (2002).

A wide variety of problems solved by the Hermite spectral
method are validated using both analytical and alternate
computational techniques. No significant changes to the
method were necessary to solve growth, agglomeration, and
breakage problems in both transient and steady-state situa-
tions. In the next section, the foundation will be laid to not
only solve time-varying problems, but also flow-dominated
problems.

Finite-Volume Hermite Spectral Method

The open form of the population balance equation is ob-
tained by integrating Eq. 4 over an arbitrary volume ()
(growth and diffusion are assumed zero for simplicity)

r

d . .
ol v+ / o, SR+ [, hkda,

r,out

— fﬂ hdv,. (38)
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Using the divergence theorem, the volume integrals of the 200 T T
convection terms become surface integrals of the fluxes in

and out through the boundary of the arbitrary volume. As-

suming the particles are very small and follow the motions of

the incompressible fluid exactly, the fluid velocity and the

particle velocity are equal, R = Uy, and divergence free. This 150
assumption is rarely justified, but made here to simplify the
problem. Lastly, if only steady-state solutions are sought, Eq.
38 becomes

100

[ T A

r,out

Number Density, f,(v)

50
Equation 39 now represents the generic finite-volume popu-
lation balance equation.
After converting to y variables, and applying the spectral
approximation to the number density function, the 1-D dis-

cretized equation can be written as 0
001 0.1 1 10

Particle Volume, v

" Figure 12. Distributions at the probes from constant ag-
T}m[(Fam)e - (Fam)w] - % [(Famug)e _(FOZng)W] glomeratlon'

Distributions undergo constant agglomeration with C =

0.001. Solid curves represent the Hermite spectral method,

C boxes represent the Kumar-Ramkrishna discrete tech-

jm nique, and circles represent analytical solutions. The cen-

- (Bjm + ) [(Fama')e - (FamO')w] = h(}’) AV (40) ter of cell #1 is at (measured in pipe radii) (r,z) = (0.25,
g 1.125), #2 is at (0.25, 4.125), and #3 is at (0.85, 4.125).

where F represents the flux across the cell boundary, and the finite-volume collocated Eq. 40 is easily extendable to 2-D or
subscripts e and w stand for the values at the east and west 3-D problems. An analogous equation can be written for the
interfaces of the cell. AV is the volume of the cell. The moments equation.

Table 3. Summary of Results Used to Validate the Hermite Spectral Method

Hermite Hermite Off-Line Kumar-
Number Method +On-Line Time = Ramkrishna
Analytic of Terms Relative Error Total Time Total Time
Solution M (%) (min) (min) Figure(s)

Agglomeration

Constant Exponential IC 50 0.9 24+5=17 <1 2,3,12

50-term sum Exponential IC 50 25* 3+5=8 1 4,5

150-term sum Exponential IC 150 1.6 89+22 =111 1 45

50-term product Exponential IC 50 31* 3+5=8 1 6,7

150-term product Exponential IC 150 1.8 92+17=109 1 6,7
Breakage

Power kernel SS Arbitrary IC 150 13 2+21=23 — 9 top

Equal-size SS Arbitrary IC 150 9.2 2+16=18 — 9 bot.

Equal-size trans. N/A 150 0.4 2+9=11 2 10 top

Uniform N/A 150 34 2+9=11 1 10 bot.

Sum N/A 150 —** 4+25=29 — 1
Growth and Agglomeration

Constant growth Arbitrary IC 25 0.04 1+2=3 — —

Linear growth Arbitrary IC 25 0.02 1+2=3 — —

Linear growth and constant Exponential IC 50 1.0 3+5=8 — 8

agglomeration

Note: N/A for Analytic Solution indicates the Hermite spectral method was compared against the Kumar-Ramkrishna discrete method.
*Indicates the onset of instability; using the larger number of terms remedied this error.
**Indicates that since no other method was used on this problem, no error comparison could be made.
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This finite-volume methodology for simple flow can be an-
alytically validated for the entrance region to a pipe. The car-
rier fluid enters the pipe with plug flow at a Reynolds num-
ber of 10. Downstream, the fluid takes on the parabolic ve-
locity profile. Because the flow is incompressible, and stream-
lines do not cross, the method of characteristics may be used
to achieve analytic results for simple population-balance
problems.

Figure 12 compares the finite-volume Hermite spectral
method with analytical results along characteristics for con-
stant agglomeration. The discretization of the domain was 24
equally spaced axial cells and 10 equal-sized radial cells, for a
total of 240 control volumes. Agreement is once again excep-
tional, less than 1% relative error at all three test locations.

Discussion and Conclusions

A new technique for solving population-balance equations
has been validated and applied to numerous problems. The
Hermite spectral method, based upon adding correction terms
to the log-normal method, is applicable to problems involving
agglomeration, breakage, and particle growth. Table 3 con-
tains an overview of all the results used to validate the Her-
mite spectral method, along with the relative accuracy and
the time taken for each problem. Both off-line and on-line
time is reported to ensure fair comparisons. Off-line time is
generally that time that is required to compute the entries in
the matrices for each index ranging from 0 to M. For large M
(M > 25), Ug> and o are essentially time invariant. There-
fore, the definitions of Tables 1 and 2 can be calculated off-
line; a database can be stored so that recalculation for differ-
ent simulations becomes unnecessary. All computations were
performed on an 800-MHz Pentium III computer, with 128
MB RAM, to guarantee fair comparisons.

The cost of the greater accuracy the Hermite spectral
method provides can now be clearly seen. Hermite spectral
calculations can take up to a factor of 25 times longer to
arrive at the same simulated time, as compared with the Ku-
mar-Ramkrishna discrete method, assuming the off-line cost
is not included. The interpolative ability of the Hermite spec-
tral method does lead to more accurate number density func-
tions, and therefore more accurate predictions of particle
properties. Figures 5 and 7 demonstrate this by comparing
the predicted second moment by each method. While more
costly, the Hermite spectral method is far more precise. Her-
mite methods are also able to describe multimodal distribu-
tions, an impossible task for the original log-normal methods.

Almost any type of population balance problem can be an-
alyzed using the Hermite spectral method. In comparison to
other methods, the sacrifice is speed for the benefit of accu-
racy. Admittedly, the log-normal method is quicker and eas-
ier to implement, but cannot capture the true distributions
that are generated by population-balance problems. Evidence
of this statement can be seen directly from the method, as
the first term of the Hermite series is the log-normal func-
tion. If the log-normal method were sufficient, only the first
spectral coefficient would be necessary, which is clearly not
the case. Figure 3 graphically proves this point. Even more
striking is the inability of the log-normal method to solve the
most simple agglomeration problem, the constant kernel. On
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the other hand, the Hermite series method is adaptive enough
that, until another function is necessary, the coefficient re-
mains zero. The Hermite spectral method builds upon the
foundation the log-normal method has laid, and consequently
results in a greater level of accuracy.
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Appendix: Properties of Hermite Polynomials

One of the first works to study a Hermite series in order to
estimate a probability density and the accuracy of that ap-
proximation is by Greblicki and Pawlak (1984). Using Ro-
drigues’ definition, Eq. 15, the first few Hermite polynomials
are

Hy(y)=1
H(y)=2y
Hz()’)=4y2 -2

Hy(y)=8y°—12y. (A1)
Coefficients of the first thirteen Hermite polynomials are
given by Abramowitz and Stegun (1965), and any Hermite
polynomial may be calculated via recursion techniques

(Galler, 1980). For example, two recurrence relations are
known (Szego, 1981):

Hm+1(y)+2yHm(y)+2mHm—1(y)=0 (AQ’)
dH,(y)
a 2mH,, (). (A3)

As mentioned in the article text, Hermite polynomials are
orthogonal on the entire real line with weight, w(y)=e¢™

| H)H (e dy=(H,.H,) = 2"miV75,,,, (A4)

from which the normalization coefficients are found. It is of
crucial importance to use the seminormalized functions of Eq.
14 (the factor of 7w Y* is relatively unimportant) for any num-
ber of functions greater than a middling number of M, M =
20, as computational overflow errors become increasingly
common. This can be clearly seen by the asymptotic expan-
sion of H,(y) (Boyd, 1984):

2 m!
H,(y)~ exp(y?) WCOS(\/Zm +1 —-05mm), (A5)

whereas the expansion as proposed in Eq. 25 is bounded

le=022%y ()] <0.816 (A6)
for all m, and all real y (Boyd, 2001).

Some numerical stability properties of the Hermite spec-
tral method are particularly attractive. For discrete-time
marching, a Hermite series approximation is stable up to a
discrete-time step of order O(M~1), whereas Fourier or
Chebyshev approximations are only stable for O(M~2) and
O(M~*), respectively (Weideman, 1992).

Spectral methods on infinite domains exhibit subgeometric
convergence, and the Hermite polynomials are no exception
(Boyd, 2001). In fact, Hermite polynomials typically converge
so leisurely that often a scaling factor is chosen to expedite
convergence:
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M

u(y): Z amz//(By)e_(l/z)Bzyz,

m=0

which is equivalent to

o %)= 5 api(y)e-0” (A7)

m=10

Tang (1993) offers a method to estimate the scaling factor.
Suppose a function has finite support on the interval [W,—
W1, that is, the function is almost zero outside this interval
and does not contribute much to {a,,}. Let y, represent the
maximum zero of the M + 1% Hermite polynomial. Tang esti-
mates the scaling factor with success as

B= (A8)

Yo
W

Explicit convergence rates of the spectral coefficients de-
pend strongly upon the pathology of the function being ap-
proximated. When the approximated function decays as e ™4’ B
for constant g, supergeometric converge can be observed.
However, if the function is simply decaying exponentially,
e~ 7, or worse, then the general estimate becomes

a, = O0(e WV w1, (A9)

where W is the width of compact support, as earlier. By the
definitions in Boyd (2001), this Eq. A9 displays subgeometric
convergence with index r =1/2. An even worse case may oc-
cur when the function only decays algebraically, as the spec-
tral coefficients may decay algebraically as well.
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